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Abstract: We present a novel method for the local optimization of molecular complexes. This new approach is especially
suited for usage in molecular docking. In molecular modeling, molecules are often described employing a compact
representation to reduce the number of degrees of freedom. This compact representation is realized by fixing bond
lengths and angles while permitting changes in translation, orientation, and selected dihedral angles. Gradient-based
energy minimization of molecular complexes using this representation suffers from well-known singularities arising
during the optimization process. We suggest an approach new in the field of structure optimization that allows to employ
gradient-based optimization algorithms for such a compact representation. We propose to use exponential mapping to
define the molecular orientation which facilitates calculating the orientational gradient. To avoid singularities of this
parametrization, the local minimization algorithm is modified to change efficiently the orientational parameters while
preserving the molecular orientation, i.e. we perform well-defined jumps on the objective function. Our approach is
applicable to continuous, but not necessarily differentiable objective functions. We evaluated our new method by optimizing
several ligands with an increasing number of internal degrees of freedom in the presence of large receptors. In comparison
to the method of Solis and Wets in the challenging case of a non-differentiable scoring function, our proposed method
leads to substantially improved results in all test cases, i.e. we obtain better scores in fewer steps for all complexes.
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Introduction

Computer-aided drug design is a key methodology in the drug devel-
opment process. For statistical ligand-based approaches, it is often
sufficient to reduce a molecule to its chemical formula or a two-
dimensional representation. From such simplified representations
numerous descriptors are readily calculated. More complex descrip-
tors (e.g., obtained from CoMFA or CoMSIA) may require the
positions of each atom in three dimensions. The descriptors are
then used to train and validate a predictive model for the inter-
action of putative new drug molecules with the target at hand by
applying statistical learning methods. In contrast to such ligand-
based approaches, receptor-based design assesses the interaction
between ligand and receptor by searching the conformational space
for energetically favorable complexes and estimating the binding
free energy.

The conformational sampling necessitates the knowledge of
the ligand’s and receptor’s atoms and some representation thereof.
The obvious way to represent the spatial arrangement of a ligand
molecule while sampling the conformational space is by defining
the Cartesian coordinates of all its atoms as well as a set of bonds that

defines their interconnectivity. The drawback of this method is the
high number of degrees of freedom (DOFs) which frustrates many
methods in molecular modeling when applied to larger structures
(e.g., proteins).

Alternatively, a molecule may be represented by its translation,
orientation, and a set of torsional angles, bond angles, and bond
lengths resulting in a similar number of DOFs. However, this repre-
sentation has the advantage that nonrelevant degrees of freedom can
be frozen. For a number of applications in molecular modeling, like
docking, it is reasonable to constrain molecular flexibility by fixing
bond angles and bond lengths and restricting torsional flexibility
to rotation around single bonds that connect rigid entities, like ring
structures.!=3 By using such a compact representation, the number of
DOFs is significantly reduced while it is possible to rapidly convert
from the compact to the Cartesian representation. This is manda-
tory for many tasks in molecular modeling, such as ligand receptor
docking, which are usually addressed by optimizing an energy or
scoring function.
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A number of meta-heuristics used for ligand receptor docking,
like the Lamarckian Genetic Algorithm,* try to improve their results
by performing local optimization. These methods can be classified
into two distinct categories: approaches which need only function
values and methods utilizing the function’s derivatives. The first
class can be subdivided into deterministic algorithms (e.g., Powell
algorithm,” Simplex algorithm®), and stochastic methods like the
algorithm of Solis and Wets.” The approaches of the second class
benefit from employing derivatives of the objective function® and are
expected to find better results faster, e.g. “deeper minima” requiring
shorter time. Therefore, these approaches are preferable whenever
useful derivative information is available.

Nonetheless, the methods of the first class, especially the
approach of Solis and Wets,” are widely used in docking appli-
cations. There are two main reasons for using these methods: (1) In
practice, many scoring functions, especially non force field-based
functions, are continuous but not differentiable. For these functions,
nongradient-based techniques of the first class seem favorable. (2)
Stochastic methods like the Solis and Wets’ approach are easily
adapted to specific optimization tasks.

On the other hand, the gradient-based methods of the second
class are restricted to differentiable objective functions. Further-
more, they are sensitive to singularities, like a loss of DOFs, or
to nonminimal parametrizations. Unfortunately, there is no orien-
tational parametrization that is at the same time minimal®'? and
free of singularities. Therefore, the main challenge with respect
to the compact molecular representation is to find an orientational
parametrization that is well suited for gradient optimization.

In Cartesian space, the orientation of a body can be represented
in different ways. Using the well-known Euler angle representation
resulting in a straightforward calculation of the gradient has the
disadvantage of the so called gimbal lock phenomenon,'! that is
the loss of DOFs. Generally speaking, this means that in the course
of an optimization, a molecule can reach positions in which not
all possible further alterations of its orientation are achievable by
variations of the three Euler angles. Thus, the unit quaternion, which
avoids gimbal lock singularities, has become a quasi standard for
orientations.!? However, because the unit quaternion space is only
a subset of R* with three DOFs, direct optimization of the four
interdependent unit quaternion values is awkward.’

In this work we present a novel method for energy minimization
of molecular complexes with special attention to gradient-based
optimization of the molecules’ orientation. We use the exponential
mapping,'® which transforms a vector in R3 to the unit quaternion
space. Although this representation is not free of singularities, they
can be avoided with only negligible additional computational cost
allowing for the application of most gradient-based local optimiza-
tion algorithms. We demonstrate that an L-BFGS approach!14 is,
in our modified version, optimally suited and highly efficient for
the given task. Furthermore, we show that negligible straightfor-
ward modifications of a continuous but not differentiable function
are sufficient to apply our optimization algorithm successfully. To
compare the gradient-based optimization of the exponential map
representation to the method of Solis and Wets’ that operates directly
on the four quaternion values, we minimized the energy of seven
ligands with increasing complexity in the presence of their corre-
sponding receptors. As an example for energy functions without
a continuous derivative, we used the piecewise linear Gehlhaar
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Figure 1. Example for rotatable bonds and molecular centroid with R
being arbitrary heavy atoms. If bond CV - C? is rotated, only atoms
R connected to CV are moved. If bond C® - C® is rotated, C" and
atoms R connected to C™V and C® are moved. Due to symmetry the
same holds true for the other two bonds with other indices. This means
C®, C®, and C® are never moved and hence define the molecular
centroid.

scoring function!® which was repeatedly employed for molecular
docking.'®18 Our novel method shows better performance in all test
cases. Especially the energetically more favorable conformations—
found already after a few iterations—render the new approach a
valuable tool for molecular optimization.

Materials and methods

Molecular Representation

The conformation and position of a molecule in space is uniquely
defined by the Cartesian coordinates of its atoms. Often the com-
plete molecular flexibility is abandoned in favor of a reduced set of
parameters that is required for representing a molecule. Like many
other applications®!>-20 we use translation, orientation, and a set
of flexible torsional angles that connect rigid compounds. Thus, we
need three real values for the translation (%,,1,,,), one real value
for each flexible torsional angle (¢, .., ¢,), and a unit quaternion
composed of four real values (g1, g2, g3, q4) for the molecule’s ori-
entation. A parameter vector X = (fy, %y, t;, 41,42, G3, G4, 1, .., Pp)
is converted into a molecular conformation by a series of transfor-
mations. In the first step, all flexible torsional angles are processed.
Because in our case such a rotatable bond is guaranteed not to be
part of a ring, it divides the molecule in two substructures. The part
containing fewer atoms is rotated while the other one remains sta-
tionary (Fig. 1). This procedure is applied to all flexible torsional
angles. In the next step, the whole molecule is rotated. To this end,
the origin is defined by the average position of all atoms that were not
rotated in the first step thus defining a form of molecular centroid. In
other implementations the rotation origin is intuitively placed onto
the geometric center of the ligand, but this method complicates the
computation of the gradient. In the last step, the molecule is moved
according to the three translational parameters.

Gehlhaar Scoring Function

A scoring function in ligand-receptor docking is expected to meet
multiple requirements. In the first place the scoring function should
allow to differentiate native binding poses from decoy structures.
Secondly, the score should approximate the binding free energy.
Furthermore, it ought to be efficiently computable. In this work, we
chose the Gehlhaar function'> mainly for the following reasons: ease
of implementation, sufficient correlation of the rmsd, less frustrated
energy landscape compared to other scoring functions, and finally as
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Table 1. Atom Types for Nonbonded Interactions.

Atom type Donor Acceptor Both Nonpolar
Donor Steric HB HB Steric
Acceptor HB Steric HB Steric
Both HB HB HB Steric
Nonpolar Steric Steric Steric Steric

atest case for an inherently not continuously differentiable function.
It must be noted that the Gehlhaar score cannot be used to estimate
the binding free energy.

The formula for the score E is composed of one bonded term for
the torsional potential Ey,; and one nonbonded term E;; for a kind
of van der Waals interaction

E = E + Epair-

For the computation of Ep;;, the Gehlhaar scoring function dis-

tinguishes only four atom types: nonpolar, hydrogen-bond-donor,
hydrogen-bond-acceptor, and both-acceptor-and-donor. The inter-
action between any of these atom types results in two types of non-
bonded interaction, namely steric and hydrogen bond contributions
(Table 1).
Both interaction types are calculated by an interval piecewise lin-
ear function f of the pairwise atom distance d;; of atoms i and
J» with each type having different function parameters (Table 2,
Fig. 2)

Epair = y_f(dy).
i)

This function is obviously not continuously differentiable so we
added a quadratic transition function in an interval of 0.02 A length
at each junction of the original linear segments (Fig. 2). These
functions are uniquely defined by their interpolation conditions.
The term for the torsional energy E\, is similar to that of other
scoring functions, but restricted to sp3>~sp> and sp?>—sp’ bonds:

Eor =A- (1 +cos(n- ¢ —¢o))

withA = 3.0,n = 3,¢¢ = 7 for sp3—sp3 bonds,andA = 1.5,n = 6,
¢o = 0 for sp>—sp> bonds. The original Gehlhaar function provides
a separate energy term for the internal nonbonded interaction of
the ligand by assigning a penalty of 10* if two ligand atoms that
do not share a bond come closer than 2.35 A. This kind of energy

Table 2. Parameter Set for Nonbonded Steric and Hydrogen-Bonding
Potentials.

A B c D E F
Steric 34A 3.6A 45 A 55A —0.4 20.0
HB 23A 26A 3.1A 34 A -2.0 20.0
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Figure 2. (a) shows the original piecewise linear pairwise potential
function used for nonbonded interactions. (b) illustrates the modifica-
tions (solid line) applied to the original function (dashed line) to produce
a continuously differentiable function.

calculation is entirely unsuited for the computation of a gradient
for it is highly noncontinuous. To circumvent this problem we use
the same term for internal ligand-ligand interactions as for ligand-
receptor interactions.

Gradient Computation and Exponential Mapping

The application of a gradient-based optimizer requires the deriva-
tives of the underlying energy or scoring function E with respect
to the parameter vector x. The Gehlhaar function' consists of a
pairwise term Ep,;; and a torsional term E,,. Thus, the gradient g is
given by

% _ 3(Epair + E{or)
x ox '
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The gradient of Ei, can be easily computed and affects only
torsional parameters ¢y, ..., ¢,

0Ewor  A-(1+cos(n-¢ — o))
il ¢
—n-A-sin(n-¢ — ¢o).

To calculate the derivatives for the pairwise interactions 9 Ep,; we
first compute the gradient g; for each atom i. This is the sum of
all derivatives of pairwise interactions that an atom participates in
with v; being the position vector of atom i and v; being the position
vector of the interacting atom j

5= /)

A\
P lvi — v;li

Mapping the gradient g; of an atom i with position v; to an
arbitrary parameter r requires the derivative of v; with respect to
r. dv; represents the tangential movement of atom i when r varies
by an infinitesimal amount and can now be used to calculate the
derivative of Ep,; with respect to r

8Epair av; ’
—_— = —_— i 1
ar Z < ar ) & M

i

In the following, we will use eq. (1) to calculate the derivatives of
E with respect to specific parameters.

Translational Gradient

Calculating dv; with respect to a translational parameter  is straight-
forward because any change in ¢ translates v; linearly. Thus, for any
translational parameter ¢, eq. (1) can be reduced to

8Epair
—— =(1,0,0)- is
o= )zk

aEpalir
=(0,1,0) - is
7 = )Zﬁ

3Epair
abz&my;g

Torsional Gradient

The rapid computation of the torsional gradient has been the subject
of numerous scientific studies.?! If atoms k and j are connected by a
rotatable bond and atom i is moved by rotating this bond (Fig. 3a),
the derivative of v; with respect to a torsional parameter ¢y, can be
calculated by

avi
Pjk

= (Vi — Vj) X (v; —Vj). 2
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Vi

Figure 3. Mapping of nonbonded gradient to (a) torsional and (b) ori-
entational parameter. Please note that in figure (b), g—;' is first calculated
J

using v; and then translated to v;.
Inserting (2) in (1) yields

8Epair
dPjk

= Z((Vk —v) x (vi—v)) g

4

Orientational Gradient

The most challenging part is the computation of the orientational
gradient, because, up to now, there is no minimal representation
that does not inherit some kind of singularity, e.g. loss of DOFs.
Representing the orientation (three DOF) by a unit quaternion does
not include such a singularity, but the independent optimization of
its four values is awkward.? This is caused by the unit quaternions
representing only a subset of the entire four-dimensional quaternion
space. To alleviate this problem, we use exponential mapping!? to
map a point p = (pi,p2,p3) from parameter space R3 to g in the
unit quaternion space S3:

0,0,0,1) if p=(0,0,0)
q = (q1.92,93,94) = | Gin(05[pI) by,
cos(0.5(lplh) otherwise

This enables us to compute the derivative T; of the corresponding
rotation matrix R,

. _ R
J = 8]7],

for each of the three orientation parameters pjlo that can now be
. Ep . .
used to calculate the gradient %. For a detailed description of the
7
computation of T; please refer to the publication by Grassia.'® For
each evaluation of the objective function, the orientational parameter
p is mapped to a unit quaternion q. ¢ is then converted to a rotation

matrix R that defines the molecular orientation

29193 + 29294
29394 — 2q192
4 -6 -4 +4;

29293 — 24194
@4+ a4
29192 + 29394

G+ G- -4
2q194 + 29293
2g294 — 29193

R =
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Let v; be the position of an arbitrary atom i and v; the position
of the atom after the rotation by R (Fig. 3(b))

vi = Rv.
Then
3V,‘ ,
—_— = jvi'
apj

Again inserting in eq. (1) yields
0 Epair r '
le = Z(T]’Vf) g, j=123.
1

As mentioned earlier, no method for a minimal parametriza-
tion of the orientation is free of singularities. This also holds for
exponential mapping, where singularities arise if the length of the
orientational parameter vector p approaches 2. All parameter vec-
tors p with ||p|| = n - 27w,n € Z-( are mapped to the quaternion
g = (0,0, 0, —1). For these parameter vectors, all gradients % point
into the same direction, reducing the number of DOFs to one. Fortu-
nately, all possible orientations can be denoted by parameters within
a shell of 77 around the origin in R3. Thus we only need to take care
that the optimization algorithm stays within this shell.

Gradient-Based Local Minimization

Numerical gradient-based local optimization techniques proceed in
an iterative fashion by walking downhill on the objective function. In
iteration k the best known methods, the so called Newton methods,
build up a quadratic model

1
My (x) := E(x) + g(x0) x + EXTH(Xk)X

of the objective function E, where H(x;) and g(x;) are the Hes-
sian and the gradient, respectively, of E at the current position X.
If this model is accurate the minimizer* of M} is a good candi-
date for the next position X;4; on E. This approximation requires
E to be twice continuously differentiable and needs evaluations
of the gradient and the Hessian. Furthermore, if H(x;) is not at
least positive semi-definite M; does not have any minimizer.® The
so called quasi-Newton methods replace H(x;) by a matrix By
approximating an (assumed) Hessian via collected data (gradients)
during the optimization process. This approach only prerequisits
a once continuously differentiable objective function and avoids
additional evaluations of second derivatives. We use the BFGS'

*The position where the minimum is located is the so called minimizer.
"The update scheme for By was discovered independently by Broyden,
Fletcher, Goldfarb, and Shanno. It has become known as the BFGS update
or BFGS method, named after the initial letters of its inventors.
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method,??> which ensures By to be positive definite leading to a
unique minimizer x;"" of the model

N 1
M (x) .= E(xy) + g(xk)Tx + EXTBkX.

To allow for applying our method to large molecules we used a lim-
ited memory variant of the BFGS quasi-Newton method (L-BFGS)
based on the Strang recurrences'>'* which employs only a small
amount of collected data to form the model Hessian, say the gra-
dients and positions of the recent m steps. Using this method X,'(“i“
can be calculated very efficiently with essentially only n(4m + 1)
multiplications without forming By explicitly, where n denotes the
number of parameters. We used m = 5 and the adaptive scaling
described by Liu and Nocedal.??

It x,’(“i“ is acceptable the iteration finishes and x,‘(“i" becomes
immediately X; . In the other case, e.g. E (x,‘(“i“) > E(x),* either
a line search in the direction d; := X,ﬂ“i“ — xy is applied® or a trust
region approach tries to find an acceptable position within a region
where M; seems to approximate E very well. However, it is diffi-
cult to incorporate our rotational condition in a trust region based
approach without significantly increasing computational costs for
determining the next trial step. On the other hand, a line search
based approach can be easily extended to fulfill this criterion. Let
eri be the orientational parameters of x; and eri the corresponding
orientational parameters of dy, then the general line search problem
(or any relaxed Version24)

A = argmin E(x; + Ady)
>0

is restricted to
[+ 2] < S

This ensures that we always stay in a region far away from the sin-
gularity 277. We used the line search method of Moré and Thuente,>*
which can be easily modified to incorporate an upper bound on A.
After the line search has finished, in a usual quasi-Newton method
the current iteration would terminate yielding X; := X; +Ady as the
next iterate Xz 1. In our case, however, we have to avoid the orien-
tational singularity. Our modified line search ensures that we are in
a region where the orientational derivatives are usable but possibly
tending to the singularity. Thus, we reparameterize the orientational

part X" of Xy if

|8 = =

#See for example Dennis and Schnabel® for detailed acceptance rules.
$Note that dy is always a descent direction because By is positive definite.
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Table 3. Comparison of Our Method to Solis and Wets in Terms of Average Initial and Final Score

and Average Number of Function Evaluations.

Our method Solis and Wets

Rotatable bonds/  Initial Number of Number of
PDBID  Ref. heavy atoms score Score evaluations Score evaluations
1FDS 28 0/20 2325 —50.4 9.80 —12.35 39.41
1IFMO 29 2/19 295.7 —56.62 21.89 0.46 46.63
2MCP 30 3/11 199.2 —30.8 16.77 —11.76 29.06
1IDWD 31 8/37 71413  —68.86 34.06 88.48 48.40
1HPV 32 9/35 627.3 —75.13 35.97 107.57 69.86
2R04 33 10/25 770.66  —19.8 62.5 230.7 51.37
IHTF 34 12/41 69327  —65.93 38.89 117.36 58.17

via replacing X" byl

21 o
(1 - T )

Because this is an equivalent orientation!'® (but with better deriva-
tives), this replacement is a reparameterization from a geometric
point of view. From a mathematical point of view, this is a well-
defined jump on E. In theory, the Euler angle representation could
also be dynamically reparameterized to avoid the gimbal lock phe-
nomenon. However, in our case the reparameterization means only
to scale the orientational parameters whereas the similar operation
on Euler angles implies a sequence of inverse trigonometric func-
tions? to determine the new parameters. Finally, the current iteration
finishes by returning X; as the next iterate Xg1.

Solis and Wets Optimization Method

The local search method of Solis and Wets is a stochastic heuristic
for continuous parameter spaces. Its primal purpose is the optimiza-
tion of functions that do not provide gradient information, e.g. the
AUTODOCK scoring function.? For our comparison we closely fol-
lowed the version of AUTODOCK 3.1 with the only alterations being
due to adjustments to the BALL?® environment. The basic algorithm
starts with a random search step and generally follows this direction
with random movements as long as the objective function keeps
improving. Continued improvements lead to an expansion of the
random search steps, whereas continued failing narrows the search.
The algorithm iterates until either a maximum number of function
evaluations is reached or convergence is established by the random
step width falling below a certain threshold value.

BALL

The entire code that was used in this work for the modeling of
molecules, scoring functions, etc. was generated using the BALL
library.?® BALL is an application framework written in C++ that
provides a set of data structures as well a large number of methods in

IWe choose 7 because the derivatives in this region are excellent, while all
possible orientations are still representable.
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the field of computational biology. It was designed to be an efficient
and robust tool for rapid software prototyping.

Comparison of the Optimization Methods

To test our method on different molecules with varying complex-
ity, we selected seven different ligand-receptor complexes from the
Protein Data Base (PDB).?” The ligands span from simple to more
complex molecules (Table 3).

For the actual comparison we minimized each ligand 500 times
starting from random positions. We recorded for each minimization
the best score and the number of function evaluations required to
attain a score of 1.0 worse than the best score. This threshold value
was selected to account for the inherently different stopping criteria
of both methods. For the method of Solis and Wets we partially
retained the stopping criterion of the AUTODOCK implementation,
that is the falling below a defined step width while we dismissed
the maximum number of iterations. This means that, other than in
AUTODOCK, the approach of Solis and Wets is always allowed to
explore the scoring function to the local minimum. Our method
used the following standard stopping criterion, i.e. convergence is
assumed if in iteration k

gl < eg(1 + Ex)D)

holds for gg = 1075, However, the compact representation of the
molecules has the side effect, especially with increasing flexibility,
that small changes of some parameters cause large alterations of
the energy value. This effect is still intensified for the gradient and
might lead to many iterations around the position of interest without
substantially improving the molecular structure. Hence, we used a
second stopping criterion, derived from the idea behind the criterion
of the method of Solis and Wets combined with an energy criterion
that cannot be satisfied if we are too far away from the minimum:
Convergence is also assumed if the steps fall below a relative step
size and the energy values does not significantly alter any more,
ie.if
A+ lIxe D
Xk — X1l < V&g 100
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Figure 4. Example for a high energy local minimum. The larger part
of the docked ligand 2R04 is situated in the binding pocket on the left
while the smaller part penetrates the surface.

and
|[Exk) — EXe—1)| < ee(1 + [E(Xx)])

hold for e = 1078,

To produce random starting positions we uniformly randomized
a ligand’s orientation and conformation as well as its translation
within a cube of edge length 6 A focused on the geometric center
of the ligands reported binding site.

Results

To compare our approach to the method of Solis and Wets, we
used both methods to optimize the positions and conformations of
the prepared ligands (start conformations). Table 3 shows the aver-
age Gehlhaar-score of 500 minimizations together with the average
number of evaluations required to reach a function value at most
1.0 worse than the final score. The number of rotatable bonds corre-
sponds roughly to the complexity of the optimization problem while
the average energy before optimization indicates that generally the
ligand has multiple van der Waals clashes at the random initial posi-
tion. The results show that, on average, the score of our method is
well below O for all ligands. This means that it generally resolves all
van der Waals clashes and moves the molecule in a way that itis able
to form multiple interactions. Even for more complex ligands, rep-
resenting more difficult optimization problems, the average score
does not deteriorate and seems to be roughly corresponding to the
number of heavy atoms. As expected, more complex ligands require
more function evaluations to reach the local minimum. In contrast
to that, the method of Solis and Wets is able to resolve van der Waals
clashes only for simple ligands with both average score and average
number of function evaluations being considerably worse compared
to our method. As ligands get more complex, the approach of Solis
and Wets fails to resolve van der Waals clashes and the scores decline
considerably.

There seems to be one outlier, 2R04, for which the results are
worse then expected. This is caused by the particular morphology
of the binding pocket which forms a longish tube inside the receptor
and is located relatively near to the receptor surface. Thus, the like-
wise elongated ligand can be trapped with one part being situated
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in the binding pocket and the other outside the receptor while the
center is penetrating the protein producing multiple van der Waals
clashes (Fig. 4).

Figure 5 illustrates the performance difference of both meth-
ods and the non-deterministic character of the approach of Solis
and Wets for IDWD. In this case, all minimizations started from
the same initial position. Our method always converged to a score
of —108.49 (solid line) while the best result out of 100 Solis and
Wets minimizations was —69.50 (dashed line). On average the
approach of Solis and Wets reached a value of 76.74 (the dot-
ted line shows a typical minimization). The method of Solis and
Wets required 149 function evaluations to produce its best results,
a value that was reached by our method with only 17 function
evaluations.

Discussion

When performing docking calculations, the atom positions of the
ligand are often described using a compact representation which
allows for reducing the DOFs, for example by fixing bond lengths.
In some cases, the energy or scoring function is continuous and dif-
ferentiable which is a prerequisite for the usage of gradient-based
algorithms for structure optimization. Despite the advantages of
these algorithms, stochastic methods like the approach by Solis and
Wets are employed, because the computation of the orientational
gradient is difficult. Here, we demonstrated how to solve this issue
by using the exponential map to transform a vector in R3 to the unit
quaternion space and by avoiding the arising singularities. Thus,
gradient-based optimization of molecules represented by transla-
tion, orientation, and torsional angles is possible employing any
continuously differentiable scoring function.

However, our approach is not confined to continuously differen-
tiable objective functions. For energy or scoring functions, which
are continuous and not differentiable at a finite number of points,
the gradient may be computed by introducing a patch function at

score

2200 L L L L L L L
0 20 40 60 80 100 120 140

objective function evaluations
FigureS. Comparison of one deterministic minimization of our method
(solid line) to two different minimizations of Solis and Wets from the
same initial position (PDB ID 1DWD). The dashed line is the best result
of the approach of Solis and Wets out of 100 minimizations.
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the junction of two adjacent continuously differentiable segments
of the original objective function. In general, a cubic patch func-
tion should meet the requirements to adequately interpolate between
the two segments. An example for such a piecewise linear poten-
tial function is the Gehlhaar scoring function which was repeatedly
employed in protein-ligand docking studies.'>~'3 For this function,
a quadratic patch function was sufficient for a smooth transition
between adjacent linear portions.

Our approach outperformed the widely employed stochastic
Solis and Wets algorithm even for relatively simple optimization
problems with few DOFs. The difference in performance became
even more substantial with increasing complexity of the opti-
mization problem. For molecules with many rotatable bonds, the
approach of Solis and Wets is not able to determine search direc-
tions, which are as promising as the directions calculated by the
gradient-based approach. The repeated failing to improve the score
leads to permanently decreasing stepsizes and finally to the abortion
of the optimization possibly without having located a minimum in
the energy hypersurface.

In contrast, the internal search direction calculation of our
approach is very efficient due to the use of the exponential map and
the adoption of the L-BFGS'* method. The only noticeable addi-
tional costs concern the calculation of the gradient of the scoring
function. However, in the case of our tested function, the evalua-
tion of the energy value can be extended to compute the gradient
efficiently. These additional operations appear to be negligible in
comparison to the high number of exploratory energy evaluations
of the approach of Solis and Wets. Finally, as a result of the use of
derivative information the proposed method reaches usually signif-
icantly deeper energy values in fewer steps than the Solis and Wets
algorithm.

Conclusion

Our results suggest that the effort to make a scoring function differ-
entiable is worthwhile. When it comes to minimization of molecules
that are represented by translation, orientation, and torsional angles,
the approach of Solis and Wets’ has become a quasi standard pro-
cedure. We think that every global optimization method like e.g.
the Lamarckian Genetic Algorithm>? that utilizes the algorithm of
Solis and Wets for local optimization will benefit when our method
is used instead.
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